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Example

As an example of the response analysis of a periodically loaded structure,
consider the system and loading shown in Fig. The loading in this case
consists of the positive portion of a simple sine function. The Fourier
coefficients of are found by using

4 p(1)
p{, sin =— ﬁn

m — pl1)
00000 T T T T 4‘
k___O O — *\*Tp J’—#—

(er) (b)

1

Example analysis of response to periodic loading: (a) SDOF system; (k) periodic loading.

solution - ~
p(t) = ag + E a, cosw,Tt + E b, sinto,,t
n=1 =1
L L 29T
W =N W =T Tj'.'n'
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I ot
_?/ Eiﬂid Py
s
T,/2 ot 9t 0 n odd
an:—/ Sin -~ €08 — dt:{pﬂ[ 9 | n even (a)
p T L[1—n?
T, /2 | Py -
:_/ 5i1:1E Einggntdtz{ﬁ =
P 0 n > 1

the periodic loading:

2 2 2
p(t) = % (l-l—E sinwit — - cos 2wt — — cos 4wyt — — cos 6wt 4+ ) (b)
m 2 3 15 35
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in which @y = 27 /T,

If it 1s now assumed that the structure of Fig. 1s undamped, and if, for example,
the period of loading 1s taken as four-thirds the period of vibration of the structure,

T, W 4 1wy
T =% —3 fn ===

e

n (c)

| L2

The total periodic response of the undamped structure then can be expressed as the
sum of the individual responses to the loading terms 1as follows:

If(t) = % ap + Z [1 _132] (an coswyt + b, sinw, )

n=1

the steady-state response given by Eq. (4-15) becomes

8 8 1
v(t) = Fi"r (1 + ?}T sinwit + — T cos 2wt + — o0 cosdwit + - ) (d)
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Example

Consider the periodic loading shown in Fig. The corresponding Fourier

coefhicients P,, to be used in the SDOF response expression are

n, T, /2

P, =
Iy Jo

2mn
) —] —— f-) dt
e‘{]}( i T

p

4 pli)

Po

0 T T 3 5
S & A

Rectangular-pulse-type periodic loading.
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or

49

Pn::

By

I

I

(

121 n

) [

T,/2 py/2

_E_

,QﬂnJ
T,

\
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Example

Express the periodic loading shown in Fig. as a Fourier series. Thus,
determine the coefficients a,, and b,, for the periodic loading given by

A plt)
- [
) pﬂ
1[7
L L L
2 2 2
r,i-

r; —:;Jc-f:Tf’

From 1{5, ' F( = s 4+ Z Oy 004 ETTH.E + Z bl"l 5,”] 2N ,m?;aﬁ
| Tr

=l
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Clo

f r‘(ﬂd{

an - =
Trj Fl{:-{;] cos

L"'I 2 r *-
=‘ﬁf P ) ===

o

Te/2
_f Fﬂ‘gt +]

= Po oS

U

TF-J"E

T]:u'" 2

o

TN

Tr

2T T

h%.ﬁ%'-{- =
=

tdt

> “E{- (4-3)

td+
F &
-IE R CTey
CH: ) _T'F. 2 2,T|=£Tr _é_) -
Tp '
() cos S ddt
Trfz F

2B [TF ain 2N é]"rf”’z_ R [ -
T 0

Tp
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- =< i 2T
bn = o SN Iﬁ-Eci-E + = ( f*‘)fﬂﬁ =7 dd
r P e TP

/2 o
= Fe F o T
by, = 2F {_ Tr cos 2T ,] _ F [__ TP ppe 27T "E:I P

TF 21N le > Tf | 2mn Tla Tolz
by = —f° {a[1~(-1‘1”]+ 1-{-r}ﬂ}
21N
- 3h
s N=13,..
by = 2F [IH-H"”F "
E.TI'T'I ‘:" b fiﬂz "1-’ v
P d. = Fe .,ﬂr-]-;ﬂf 3{:'11_3]:{, 'T']=.'1,3
“ mH

h= 1 ..‘!'] -li-- .
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Example

An SDF system with natural period T, and damping ratio ¢ is subjected to the petiodic
force shown 1n Fig. P3.24 with an amplitude p, and period 7.

f
Po
T, -TJg2 0 T, T, 2T,

(a) Expand the forcing function in its Fourier series,

(b) Determine the steady-state response of an undamped system. For what values of T is
the solution mdeterminate?

() For Ty/T,, =2 determine and plot the response to individual terms in the Fourier series.
How many terms are necessary fo obtain reasonable convergence of the series solution?
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solution

(a) p(r) is an even function:

p(r)=pa(l—irJ 0O < =< T,
Ty
T,/2 T, /2
2 2
ﬂu_i‘ fp(f)t‘ﬁf:T— Pa(lg—"f
To —To/2 °© o ©
:pﬂ
2

T /2
2 !
Ay =" f p(t) cos (jawgt)de
O _1r2

ap, F* 2
="Fo J- 1——¢ | cos (jwgt)dt
15 Ty
o
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Because of the j* in the denominator of the series, two

terms are enough to obtain reasonable convergence of the

1 101.
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' ap, *
= 1,3,5,---
LA = ﬂ-if / (c)
| O j = 2,4,6,--
b, = O because p(t)is an even function (d)

Thus the Fourier series representation of p(t) is

+ -%2— E 'j_li" cos (japt) (e)

Py

t

p(t) = 5

(b) The steady-state response of an undamped system 1is

obtained by substituting Egs. (b), (c) and (d) in Eq. (3.13.6)
to obtain

u(t) 1 4 - 1 :
= — 4 — cos (jwyt)
(uﬂ‘)g 2 ﬂ'z j:1§51 Jl (1 — ,EJ}

(H)
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indeterminate when 5, = 1 corresponding values of T
are T,, 37, 5T,, etc.

(c) For Ty/T, = 2.8, = jwo/®, = jT,/To = j/2 and
Eq. (f) becomes

wu(t) 1 16 — 1 2t
= — + —= —— COS ( )
(g ) 2 ”21=1_§3_:5_... A i) T,
1
0.8
(u,), 04
0.2
D. . I \ i . ] ; I .
0 0.2 0.4 0.6 0.8 1

t/Ty
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The end
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